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O CKopocTH paBHOCxo/i;HMOCTH pa3jio:aceHHH B psi^^hi 
no TpHroHOMeTpHHecKOH CHCTeMe H no co6cTBennbiM cJ)ynKii,HaM 
onepaTopa IIlTypMa— JlnyBHjijia c noTenD;HajiOM — pacnpe^ejienneM 

CaflOBHH^afl H. B. 
B nacToameii pa6oTe Hsy^aeTca onepaTop IIlTypMa-JlHyBHjiJia 

■ d'^y 

; Ly = l{y) = + q{x)y, (1) 

B npocTpancTBe L2[0, vr] c rpanH^HbiMH ycjiOBHSMH /^HpHxjie y{0) = y(vr) = 0. Hpe^nojiaraeT- 
ca, MTO noTeHii;Haji q{x) = u'{x), u G iy|[0,7r], < 6* < 1/2. ripoHSBOflHaa 3;i;ecb noHHMaeTca b 
CMbicjie pacnpeflejieHHH, a nepea PF2^[0,7r] mm oGosHanaeM coSojieBCKne npocTpancTBa c flpoS- 
\ HbiM noKaaaTejieM (cm., nanpHMep, [1], n. 4.2]). OnepaTopbi TaKoro BH^a Smjih onpe^ejienbi b 
\ paSoTe [2]. B paSoTax [2] - [3] Sbijio flOKaaano, ^to onepaTop L (|)pe;],rojibMOB c HH^eKcaMH 
(0,0) (b cjiynae BemecTBenHoro noTeHn,Hajia - caMOConpajKeH) , nojiyorpanHHen, HMeeT hhcto 
flHCKpeTHbiH cneKTp. HeKOTopbie peayjibTaTbi o6 onepaTope L, nojiyneEHbie b [2] - [4] h neoS- 
'. xoflHMbie HaM B ;i;aHHOH paSoTe, 5y;i;yT npHBe;i;eHbi HHJKe. 

B CTaTbe paccMaTpHBaeTca Bonpoc o paBHOMepHoii na bcgm OTpesKe [0, vr] paBHOCxo^HMO- 
\ CTH pasjiojKeHHa 4)yHKii;HH / b pa^ no CHCTeMe coScTBenHbix h npHCoe^HHenHbix (|)yHKii;HH 
\ onpepaTopa L c ee pa3Jio>KeHHeM b pa^ Oypbe no cncTCMe cnnycon. 3Ta aa^ana xopomo h3- 

■ necTna b KjiaccnnecKoii Teopnn onepaTopon inTypMa-JlnynnjiJia (b cjiynae, Kor^a noTenn,Haji 
jiOKajibHO cyMMHpyeM). B MOHorpa4)HH B. A. MapnenKO [HI §3, rji. 1] 6biJia ;i;oKa3aHa paBHOMep- 
naa paBHOCxoflHMOCTb b cjiynae, ecjin / G L2[0,7r], a g — KOMnjieKcnoanaHnaa cyMMnpyeMaa 
(J)yHKn;Ha. B 1985 ro;i;y B. A. Hjibhh nojiynnji peayjibTaTbi b cjiynae, Kor^a / G Li[0,7r], q 

\ — KOMnjiGKcnoanannaa cyMMnpyeMaa (]3ynKn,na (cm. [6]). B. A. BnnoKypon n B. A. Ca^onnn- 
\ nnn b [7] flOKaaajin TCopcMy o pannocxo^nMOCTn cjiynaa onepaTopon c noTenn,najiOM — 
npoH3Bo;i;HOH 4)yHKn;nn orpannHenHon BapHan;HH, npn stom / G Li[0,7r]. 

I Bonpoc o CKopocTn paBHOCxo;i;nMOCTH jiflu KJiaccnnecKnx noTenn;najiOB naynajica b CTaTbe 
A. M. FoMnjiKO n r. B. Pa^aneBCKoro Sflecb mm noKajKCM, hto, ecjin nepBOoSpaanaa u 
OT noTeHn;najia — KOMnjieKcnoanaHnaa (i)yHKn;na na npocTpancTBa Wl'fOjTr], < < 1/2, to 
fljia J11060H 4)ynKn,nn / na npocTpancTna L2[0, vr] mojkbo on,ennTb CKopocTb pannocxo^nMOCTn 
pannoMcpno no mapy u G -Be,i? = {f G W^I'fO, tt] | ^ R}. On,enKn TaKoro nn^a anjiaiOTca 

noBbiMn ^ajKC ^Jia KjiaccnnecKoro cjiynaa q G L2[0,7r]. 

Cjiynaii 6' = anjiacTca ocoSmm n TpeSycT OT^ejibnoro naynenna. HcKOTopbie peayjibTaTbi 
o paBHOCxo;i;HMOCTH B cjiy^ac Beni;ecTBeHHoro cnnryjiapnoro noTeHn;Hajia Gmjih anoncnpoBa- 
Hbi aBTopoM B pa6oTe [9], no nx no;i;po6Hoe ;i;oKaaaTejibCTBO onySjiHKOBano ne 6biJio. Cjiynan 
KOMnjiCKcnoro noTenn,najia u G L2[0,7r] anTop njiannpycT paccMOTpcTb b ^pyroii paSoie. 
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§1. Ilpe^BapHTejibHbie pesyjibTaTbi. 

HaM noHa;i;o5aTca neKOTopbie npe^BapHTejibHbie CBeflenHa 06 onepaTope ([T]). 06o3HaHHM 
^epea uli{x, A) pemenHe flH4)4)epeHn,HajibHoro ypaBHenHH —00" + quj = Xoo c HanajibKbiMH ycjio- 
BHHMH a;(0, A) = 0, ci;W(0, A) = 1 (a^ecb ci;W = uj' — ucu — nepBaa KBaannpoHSBOflHaa) . 5Icho, 
MTO HyjiH ii;ejiOH 4)yHKii;HH ujin, A) coBna;i;aiOT c co6cTBeHHbiMH aHaneHHaMH onepaTopa L. Aji- 
re6paHHecK0H KpaTHOCTbio co6cTBeHHoro anaMeHHa Aq mm 5y;i;eM nasbiBaTb KpaTHOCTb nyjia 
Aq (|)yHKii;HH ti;(7r, A). B CHJiy Teopeivibi cymecTBOBaHna h eflHHCTBeHHOCTH, reoivieTpHMecKaa 
KpaTHOCTb Kaacfloro coScTBGHHoro SHaneHHa paBna 1. HycTb Aq ecTb coScTBenHoe ana^eHHe 
ajireSpaHHecKofi KpaTHOCTH p ^ 2. SaivieTHM, hto (]3yHKn,HH uj^^\x, X), j = 1, 2, . . . , j9 — 1 y^o- 
BJiexBopaiOT flH(|)(|)epeHii;HajibHbiM ypaBneHnaM /(ci;^^^) = Xoo^x^ + uj^^ ^\ npH^eivi uj^^\o, A) = 0. 
KpoMe Toro, uj^^\7r, Aq) = 0. TaKHM oSpaaoM, (J)yHKn,HH uj^x\^j -^o), j = 0, 1, . . . ,p— 1 oSpaayiOT 
n,eno^Ky h3 coGcTBeHHoii h npHCoe^HHennbix 4)yHKn,HH, OTBe^aiomyio coScTBenHOMy ana^eHHio 
Aq. JlerKO BH^GTb, HTO (|)yHKn,HH 3T0H CHCTeMbi jiHHeiiHO HesaBHCHMbi, a 3HaHHT nopoac^aiOT 
noflnpocTpancTBO paaiviepHOCTH p. 06o3HaHHM coScTBenHbie aHaMenna {A^}^! h aanyMepyeM 
Hx B nopa;i;Ke BoapacTanHa MOflyjia |Ai| ^ IA2I ^ ... c yneTOM ajireSpaHnecKoii KpaxHOCTH. B 
cjiy^ae coBna;],eHHa MO^yjiefl HyMepan,Hio Sy^eivi bgcth no BoapacTanHio apryMeHTa, ananeHHa 
KOToporo BbiSnpaiOTca na nojiyHHTepBajia (— vr, vr]. Ylo^, CHCTeMOH coScTBennbix h npHCoe^HHen- 

Hbix (J)yHKn,HH {yn{x)}^^i Mbi Sy^GM noHHMaTb CHCTeMy, nojiyneHHyio nopMnpoBKoii ||?/n||L2 = 1 

00 

CHCTeMbi IJ {uj^ {x, Xk)}^=o (aflecb A^ — Bce paajiHHHbie coGcTBennbie ananeHHa, pk — ajireSpa- 



HHCCKaa KpaTHOCTb Afc). Otmcthm, hto b cjiynae Ben^ecTBenHoro HOTeHH;Hajia Bce coGcTBCHHbie 
ananeHHa anjiaroTca npocTbiMH. 

"yTBep:^^eHHe 1. (cm. meopeMy 2.9 pa6omu [JJ) IJycni'b u G ^^[OjTr] npu ueKomopoM 
9 G [0, 1/2). To2da cucmeMa {yn{x)}'^^i co6cmeeHHUx u npucoeduHeuHux (pyuKiifUU onepamopa 
L o6pa3yem 6a3uc Pucca e npocmpaHcmee L2[0,7r]. 

TaKHM o6paaoM, cyni;ecTByeT e;i;HHCTBeHHaa GnopToronajibHaa cncTCMa (t.c. ch- 

CTCMa, j^jiii KOTopoH BbinojiHCHbi paBCHCTBa {yn{x),Wmix)) = B HamcM cjiynae chctc- 

My {Wn{x)}^^i MOJKHO BbinHCaTb aBHO B BH^e KOHCnHblX JIHHCHHblX K0M5HHan,HH C05CTBeH- 

Hbix H npHCoeflHHeHHbix (J)yHKn,HH onepaTopa L* = —d?/dx'^ + q{x) (cm. [IO]). B nacTHOCTH, 
Wn{x) = yn{x) / {yn{x) , yn{x)) , ccjiH coScTBCHHoe aHancHHe Xn HMCCT ajireSpaHnecKyio KpaT- 

HOCTb 1. 

OSoanaHHM ^epea I2 npocTpancTBO nocjieflOBaTejibHOCTeii {q;„}^^, fljia KOTopbix 



< 9 < 1/2, BbinojiHCHo: C'i||{'U„}||^e ^ ll'"llvK| ^ C'2||{Mn}||ie, r;],e m„ = (2/7r)('u(x), sinnx). 

"VTBepac^eHHe 2. Uycmb u G lV2^[0,7r], < < 1/2, a \\u\\^ro ^ R. Tosda, HanunaH c 
HeKomoposo noMepa N = Ng^R (numcHue undeKcu sdecb u e daAbneuuieM yKasueamm na mo, 
nmo eu6op HOMepa N aaeucum mojihKO om 9 u R u ne saeucum om dpyzux xapaKmepucmuK 
nomewnuaAa) , ece co6cmeeHHue SHaueHUH onepamopa L npocmu, a Saji (^yHK%uu yn u Wn 

^BCKjfly B ^ajibHeiinieM chmbojiom (•,•) 6y^eT o6o3Ha^aTbCH CKajiapnoe npoHSBe^eHne b npocTpancTBe 
-^2(0, tt]; 6HopToroHajibHOCTb noHHMaeTCH TaKJKe b £2(0, tt] 



k=l 




< 00. HanoMHHM, HTO fljia jiioSoii (|)yHKn,HH u G ^^^[O, vr], 



2 



cnpaeedAueu acuMnmomuuecKue paeencmea 

Unix) = ^ sin nx + ipnix), w„(x) = sinnx + 
Vni^) = ''T' (^■\J^'^os nx + 7]n{x)^ + u{x) (^-^J^ sin nx + (pn{x)^ n = N,N + l,... , 

npuneM noc.aedoeame.a-bHocmt {'^n}^=N = {llv^n(a;)||c + ||V'n(a;)||c + ||'7n(a;)||c}^=Ar & ll u ee 
Hopjua 6 amoM npocmpaHcmee ospaHUHena nocmonHHOu, aaeucnvu^eu moAbKO om 6 u R. KpoMe 
amoso, npu n ^ N 

X 

i/jnix) = an sin nx + (3n COS nx — / u{t) sin n{x — 2t)dt + 'ijjl^{x), (3) 



2(9e HopMa nocAedoeameAbHocmu {|an| + l/^nD^Ar e npocmpaHcmee I2, a manotce nopMa nocAC- 

doeamCAbHOCmU {\\'ipnix)\\c}'^=N ^ h OSpaHUHCHU GCAUHUHOU Cq^r. 

/JoKaaaTejibCTBO btofo yTBepjK^eHHa (c on,eHKaMH ocTaTKOB, aaBHcamHMH ot noTeHn,Hajia) 
Sbijio npHBe^eno b pa6oTe (TeopeMa 3.13). 3to ^OKaaaTejibCTBO onnpajiocb na acHMnTO- 
TH^ecKHe 4)opMyjibi ^jia co6cTBeHHbix ana^enHH onepaTopa L, nojiynenHbie b toh >Ke CTaTbe. 
OflHaKO no3JKe, b pa6oTe [4], Gmjih BbiBe^eHbi acHMnTOTHKH coScTBeHHbix SHaHeHHH c oii;eHKaMH 
ocTaTKOB, paBHOMepHbiMH HO Hiapy u G Bq h. C yneTOM sthx peayjibTaTOB, paccyjK;i;eHH5iMH, 
nojiHOCTbK) aHajiorHHHbiMH ;i;0Ka3aTejibCTBy TeopeMbi 3.13 paSoTbi [3], mojkho nojiy^HTb 4)op- 
Myjibi (ED-dl]). 

yTBepacfleHHe 3. Uycmb u G PF2^[0,7r], sde < < 1/2, u \\u\\y^r0 ^ R. Tosda cy- 
mecmeyem maKou noMcp Ng^n, nmo Sam ak)6o20 n ^ Nq^u onepamop npocKmupoeaHun 

n 

Pn{u), onpedeACHHUu no npaeuAy Pnf = ^Wn)yn u deucmeywmuu us npocmpancmea 

k=l 

L2[0,7r] e npocmpancmea W2[0,n], nenpepueno aaeucum om napaMcmpa u. A UMcnno, 

\\Pn{u) - Pn{uQ)\\L^^wi 0, CCAU \\u - Mo||h/| ^ 0. 

3to yTBepjKfleHHe BbiTCKaeT h3 peayjibTaTOB paSoTbi [3] (Teopeivia 1.9) h KJiaccHnecKHx pe- 
syjibTaTOB o nojiynenpepbiBHOCTH HSOJiHpoBaHHbix nacTeii cneKTpa (cm. [Ill leopeMbi IV. 2. 23 
H IV. 3. 16]). Bojiee noflpoSnoe flOKaaaTejibCTBO btofo (i)aKTa npHBe^eno b [TO] . 

Otmgthm, hto fljifl npoH3BOJibHoro HaTypajibHoro N bto yTBepjK^eHHe, BOoGme roBopa, 
HeBepHO. ^eficTBHTejibHO, nycTb i? ;i;ocTaTOHHO BejiHKO, (J)yHKii;Ha u KOMnjieKCHoanaHHa, a A„(m) 
H Xn+i{u) — napa npocTbix co6cTBeHHbix SHaHeHHH. Ilpn HSMeHenHH (J)yHKii;HH u b mape Bg n 
3TH coScTBeHHbie 3HaMeHHa MoryT nanaTb cGjiHJKaTbca h aaTeivi, npn neKOTopoM Mq, CTOJiKHyTb- 
ca, o5pa30BaB KjieTKy. Mo>kho npoBepHTb, hto b stom cjiynae hhcjio {yn,yn) npn u Uq. 
Mbi yjKe OTMe^ajiH, hto ^jih npocTbix coScTBennbix ana^enHH bcktop Wn SHopToronajibHOH ch- 

CTCMbl HMeeT BHfl Wn{x) = yn{x) / {yn{x) , yn{x)) . TaKHM o6pa30M, HOpMa BCKTOpa Wn, a 3HaHHT, 

H o^iHOMepHoro npoeKTopa P„/ = {f,Wn)yn, HeorpaHHHeHHO pacTCT npn u Uq. 
§2. OcHOBHaa TeopeMa. 

TeopeMa 1. Uycmb R > 0. PaccMompuM onepamop deucmeywi^uu e npocmpancmee 
L2[0,7r], c zpanuHUMMU ycAoeuMMU /JupuxAe, nomeHv^uaA Komoposo ydoeAemeopsiem CAedyw- 
muM ycAoeuHM: q{x) = u\x), sde KOMnAeKCHOSHauHaH ^yuKvi^uH u G iy|'[0,7r], < < 1/2, 



3 



npuneM \\u\\yye ^ R. Uycmh {ynix)}^^^ - HopMupoeaHHan cucmeMa co6cmeeHHUx u npu- 
coeduHeuHux (fiyHKHuu onepamopa L, {wn{x)}^^i - 6uopmozoHaji'bHaH k neu cucmeMa. /I,asi 
npouaeoAbHou (pyuKiiiUU f G L2[0,7r] o6o3HaHUM c„ = {f{x),Wn{x)), c„,o = A/2/7r(/(x), sinnx). 
Tozda cymecmeyem uamypaAhHoe hucao M = Mq^r maKoe, umo Bah aio6o20 m ^ M 



71=1 



n=l 



1 sm nx 



e,R,e 



C 




(4) 



3decb e- CKOAh yzodno muaoc noAOCHCumcAbHoe hucao. 



/^OKasaTejibCTBO TeopeMbi 1. PaccMOTpHM onepaTopbi Bm,N '■ -^^2[0,vr] C[0,7i], p^em- 
CTByiomHe no npaBHjiy 



, sm nx, 



Bm,Nf{x) := ^ Cnyn{x) - ^ V 



n=N 



n=N 



r^e / G L2[0,7r]. HpH = 1 6yfleM onycKaTb BTopoii hh^gkc: -Bm,i ='■ B^- 

HycTb Tenepb N = Nq^r - HanSojibinee h3 ^Byx naTypajibHbix nHceji, cymecTBOBanHe koto- 
pbix nocTyjinpyeTca b yTBep>KfleHHax 2 h 3. 

niar 1 (oi];eHKa HopMbi onepaTopa Bm,N)- 

nycmb R>0, \\u\\we ^ R, < 6 < 1/2. Toeda 

\\Bm,N{u)\\L2^C ^ Ce^R. (5) 



3tot mar sBjiaeTca KjiiOHeBbiM ^jih ^OKaaaTejibCTBa TeopeMbi 1. EcTecTBenHO, oh HanSojiee 

CJIOJKeH. 

OneBH^HO, HTO fljia JiioSoH 4)yHKii;HH / G L2[0,7r] 

m m m 

Bm,Nf{x) = W-(/(t),^„(t))sinnx+ ^ W -(/(t), smnt)v9„(x) + (/(t), ^„(t))v?„(x). 

n=N n=N n=N 

(6) 

On,eHHM KajK^oe h3 cjiaraeMbix b npaBoii nacTH cooTHomenHa ([6]) no OT^ejibnocTn (nanGojiee 
TfljKejiOH a^ecb Sy^eT on,enKa nepnoro cjiaraeMoro). B cnjiy acHMnTOTHHecKHx (J)opMyji ([3j) 

(/(t),Vn(^)) = a;;(/(t),smnt) + /?„(/(t), cosnt)- 







(7) 



TaK KaK ||{a„}||j9 ^ Cq^r, to 



n=Af 



Y — a„(/(t), sinnt) sinnx 
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AnajiorHHHbie paccyjKfleHHH cnpaBe^JiHEbi h ^jih BToporo cjiaraeMoro b (l7|). HaHSojiee cjiojk- 
HbiMH fljifl on,eHKH HBjiaeTCH TpeTbe cjiaraeMoe. HpHMenHB (|)opMyjiy paanocTH KOCHnycoB, no- 
jiyHHM 



lit C C 1 

^^sinnx / f{t) I u{s) sin n(t — 2s)dsdt =- / f{t) / (cos n(t — 2s + x) — 

TT t 





1 




cosn(t — 2s — x))dsdt 


/^«/ 




c 





TT 







+ 



c 



+- 



/(t) / u{s){DN-i{t -2s + x)- DN-iit -2s- x))dsdt 





m 



C 



Tj\e DmiO = 1/2 + X] cosn^ - a^po /JnpHxjie. SaMeTHM, hto = Ng^^ h, cjie;],OBaTejibHO, 

n=l 

nocjie;i;Hee cjiaraeivioe ne npeBOCxo;i;HT /j||/||i2- Pa3o6beM nepBoe cjiaraeivioe na cyMMy flByx 
H on,eHHM oflHH H3 HHTGrpajiOB (BTopoH MOJKHO on,eHHTb anajiorH^Ho) . 



TT t 





TT X+t 



J fit) J u{s)D^{t-2s + x)dsdt ^ j j f{t)u(^-^^D^{Od^dt 




fit)[u 



t-^ + x 



c 



—u 



TT x + t 



x-t 



+ 



C 



t + x 



x-t 



SaMGTHM, HTO Ji ^ Cg^nW f\\ nOCKOJIbKy 

^ajiee, 

1/2 TT X+t 

I \f{t)\'dt\ ■ f I \ u 



x—t 



t-^ + x 



DmiOd^dt =h + l2 
^ C (cm., HanpHMcp, [T2l rji. 1 §35]). 



t + X 



x~t 



dt 



1/2 



(8) 



PaccMOTpHM BHyTpeHHHii HHTcrpaji BO BTopoM coMHOJKHTCJie npaBoii HacTH dHl). TaK KaK 
iDmm^Cm ([la rji. 1 §32]), TO 



x+t 



u 



t-^ + x 



u 



t + x 



DmiOdi 



x—t 



x+t 



u 



t-^ + x 



u 



x—t 



(x+t 



1/2 



^ c 



\x—t 



/x+t 



t + x 
2 

1/2 



d^ ^ 



\x—t 



1+20 



u 



t-i + x 



u 



t + x 



di 
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OTCiOfla H H3 (E]) nojiy^aeM, hto 



RWJ WLo 



( 



\ 




\u{y-r]) -u{y)\' 



-TT 



1+26 



drjdy 



l/2\ 



(9) 



Mbi cflejiajiH aaMeny nepeivieHHOH b nocjieflHeivi HHTerpajie h pacmnpHJiH rpaHHii;bi HHTerpnpo- 
BaHHa c yneTOM Toro, hto no^i; snaKOM HHTerpajia ctoht HeoTpni^aTejibHaa (J)yHKii;HaJl 

OcTajiocb oii;eHHTb ^bohhoh HHTerpaji b nocjie;i;HeM BbipajKeHHH. HocKOJibKy cyMivia 
+ ^1 J [Tlp+i "''^ onpe^ejiaeT SKBHBajieHTHyio Hopiviy b npocTpancTBe M/g [U, vrj 



(cm. [H n. 4.4.2]), TO cpaay nojiynaeM HeoSxoflHiviyio oii;eHKy. OflnaKO ji^jisi y^oScTBa 
HHTaTejiefi npHBe^eivi sflecb TaKJKe npocToe flOKaaaTejibCTBO SToro (|)aKTa. 05o3HaHHM 

TV 

^(^) — I I'^iy ~ v) ~ u{y)\'^dy. Tax KaK 



oo oo oo 

u{y — 7]) —u{y) = ^^M„(sinn(?/ — r/) —sinny) = ^^(cosnr/ — 1) sinny — Un sin nr] cos ny, 



n=l 



n=l 



n=l 



Tfl,e Un = {2/n){u{y),smny), to 



^(^) ^ 5^ |M„p(cosn?7 — 1)^ + Iwnp sin^ nr] = 4 sin^{nri/2). 



n=l 



n=l 



n=l 



Tor^a 




lujy-y) -u{y)\' 
\^\i+2e 



-TT 



I 'I n=l I 'I n=l 



HocKOJibKy (J)yHKn,Hfl u G PF|'[0, vr], to nocjie;],HHH pa;], cxo^htch h ero cyMMa orpanHHena 
KOHCTaHTOH, 3aBHC5iiii;eH TOJibKO OT 6 n R. SnaHHT, c yncTOM HepaBCHCTBa (l9|), mojkcm nojiy^HTb 
oii;eHKy TpcTbero cjiaraeMoro b ([7]): 



sinnx / /(t) / smn(t — 2s)(is(it 

n=7V { { 



,R\\J \\L2- 



c 



On,eHKa nocjie^nero cjiaracMoro b Q BbiTCKacT HenocpeflCTBCHHO h3 acHMnTOTHKH 



E 

n=N 







n=N 



^Bcro^y B oijeHKax HHTerpajiOB npn Heo6xo^HMOCTH nojiaraeM, hto Bce (jjyHKiiHH nepno^HHecKH npo^ojiJKeHbi 
3a OTpesoK [0, tt]. 
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TaKHM o6pa30M, 



n=N 



nx 



,R\\J\\L2- 



(10) 



c 



rTepeiifleM ko BTopoMy HJieny npe^CTaBJieHHa ([6]). B CHJiy acHMnTOTH^ecKHx (jDopiviyji 



n=N 



C n=N 



r^e /„ = v^2/7r(/(x),smnx). 
HaKonen,, 



X](/W,V'n(t))¥^n( 

n=N 



X] 



L2 X^UI'A'nltJIlLa " 

n=N 



C 



Wn{x)\\c)^Ce 



RWJ \\L2- 



Ha HepaBGHCTB (jT0|l -()T2l) BbiTCKaeT oii;eHKa (|5|). 
Illar 1 saBepmeH. 

niar 2 (oi];eHKa HopMM onepaiopa -Bm)- 

iJycmto i? > 0, ^ i?, < ^ < 1/2. Tosf^a 



(11) 



(12) 



(13) 



OHeBHflHO, HTO onepaTop npe;i;cTaBJiaeTca b bh^g cyMMbi: 

5m = Bn-1 + i?m,iv = Piv-i(M) - -Piv-i(O) + i?m,Ar (3;],ecb P„(m) — onepaTopbi npoeK- 
THpoBaHHfl, BBefleHHbie b yTBep>K;],eHHH 3). HocKOJibKy BbiSop nncjia N saBHCHT tojibko ot 
6 m R, TO ||P/v_i(0)||l2-^c ^ Cq^r. OcTaeTca on,eHHTb \\Pn^i{u)\\l2^c- Ha yTBepjKfleHHH 
3 BbiTCKaeT, HTO HopMa onepaTopa npoeKTHpoBaHna Pn-i, onpe^ejieHHoro no npaBHJiy 

N-l 

-P/v-i/ = '^{f^Wn)yn^ fleiicTByioinero h3 npocTpancTBa L2[0, vr] b npocTpancTBO I^g^fO, vr], 

n=l 

orpaHHHena KOHCTaHToii, saBHCflmen tojibko ot 6 m R. /JencTBHTejibHO, nycTb u G iy2[0,7r], 
r^e < 9 < 1/2, npHHGM ||m||vi/| ^ -R- Tor^a u G 14^2 [0)^] ^ ||w||^ye/2 < i?. Tax KaK 

BJiojKeHHe mapa pa;i;Hyca R npocTpancTBa W^|[0,7r] b npocTpancTBO iy2^^^[0, vr] KOMnaKTHO, to 
nenpepbiBHaa (J)yHKii;Ha ||P/v_i(m)||^2^vk21 6y;i;eT flOcraraTb na neivi cbohx tohhmx rpaneH. B 
CHjiy TeopeMbi BjiojKeHHH CoSojieBa: VF2^[0,7r] ^ C[0,7r] (cm., nanpHMep, [H n. 4.6.2]) HMeeM, 
^To \\Pn^i{u)\\l2^c ^ \\Pn-i{u)\\l^^w.} ^ Ce,R. 
Illar 2 aaBepmen. 

niar 3 (^OKasaTejibCTBO paBHOCxo^HMOCTn). 

/I^AM Atodou (fii/HKiiiUU f G L2[0,7r] eunoAHCHo: 

lim = 0. (14) 

m— >oo 
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PaccMOTpHM ^encTBHe onepaTopa Bm na coScTBenHbie h npHCoe^HHenHbie (]3yHKn,HH onepa- 
Topa L: 

m 2 ™ 

^ — ' TC ^ — ^ 

n=l n=l 

HepBoe cjiaraeMoe b npaBofi nacTH nocjie;i;Hero cooTHomenHa paBHO npn m < k n paBHO 
yk{x) npn m ^ k. BTopoe cjiaraeMoe npeflCTaBJiaeT co5oh HacTHHHyio cyMMy pa^a Oypbe 
(J)yHKn,HH yk- Tax KaK Bce 4)yHKn,HH yk G Vr2^[0, vr], to pa^ <l>ypbe c|)yHKn,HH y^ cxo^HTca k nefl 
paBHOMepno na OTpesKe [0,7r], h mm nojiy^aeM, ^to lim ||i?mZ/fc||c = 0. 

m— >oo 

OcTajiocb aaMGTHTb, hto, b CHjiy nojinoTbi CHCTeMbi {Vkix)} (cm. yTBep>KfleHHe 1), h3 nenpe- 
pbiBHOCTH onepaTopa Bm cjie;i;yeT npeflejibHoe cooTHomeHne ffT4l) . 

Illar 3 saBepmeH. 

HepeHfleM k flOKaaaTejibCTBy yTBepjK;i;eHHa o CKopocTH paBHOCxo;i;HMOCTH. ^Jia jiio6oro 

k 

k ^ iVgjj 0603Ha^HM gk{x) = Cnyn{x) (nanOMHHM, HTO Cn = {f{x),Wn{x))). O^eBHflHO, 

11=1 

HTO j^Jisi JI1060H (J)yHKii;HH / G L2[0,7r] h ^Jia Jiio6oro naTypajibHoro m BbinojineHo: 

WB^JWc ^ \\BrM - gk)\\c + \\Bm9k\\c. (15) 



niar 4 (oii;eHKa HopMbi 5m(/ — gk) b npocTpancTBe C[0, tt]). 



Uycmb gk{x) = CnVnix), k ^ A^9,_r. Tozda djin ak)6o3o m G N 

n=l 

1/2 



\Bm{f - 9k)\\c ^ Ce,R Yl l^^.olM + 



L2 



^n=k+l 



kO 



(16) 



sde Cnfl = v^2/7r(/(x), sin nx). 

C y^GTOM acHMHTOTHHecKHx (^DopMyji ([2]) nojiy^aeM: 



\\f{x)-gk{x)U,^ 



— (/(x), sin nx) sin 



nx 



+ 



n=k+l 



n=k+l 

vr 



n=k+l 



+ 



V -(/(^)'Sinnx)(^, 

1/2 



X 



+ 



L2 



Y (f(^)^^n{x))ipr, 
n=k+l 



X 



L2 



— i-J-l / \n — t-J-l / / V / 



^11 > \Cn,0 
\n=k+l 



^n=fc+l 
1/2 



Y^ 



\n=k+l 



L2 



HoCKOJIbKy ||-Bm||L2^C ^ Cg^Ji (cM. ( fTSl) ). TO H3 flOKaSaHHOrO HepaBGHCTBa HeMeflJieHHO Bbl- 

TGKaeT on,eHKa ( flGll . 
Illar 4 aaBepmen. 

HepeHfleM k on,eHKe BToporo cjiaraeMoro b ( fTSll . HycTb m > k. OSoana^HM ^epea 5*^ 
onepaTop, ;],eHCTByiomHH h3 npocTpancTBa 14^2^ [0,7r] b npocTpancTBO C[0,7r] no npaBHjiy: 

oo 

Smh{x) = 2/n {h{t) , sin nt) sin nx . SaMeTHM, hto 

n=m+l 



2 X - 

BrnQkix) = gk{x) > {gk{t),sinnt) sin rax = Sr, 

TT ^ — ' 



n=l 



(nocKOJibKy Bce coGcTBennbie n npncoeflnnenHbie (J)yHKn;HH onepaTopa L npnnafljiejKaT npo- 
CTpancTBy PF2^[0,7r], to ;i;eHCTBHe onepaTopa Sm na nnx KoppeKTHO onpe;i;ejieHo) . Tor;i;a 



\Bmgk\\c ^ ^Smidk — 9n)\\c + ll'S'mfi'Arllc 



(17) 



Illar 5 (oii;eHKa HopMbi Sm{gk — 9n) b npocTpancTBe C[0,7r]). 

Uycmb k,m - uamypaAbHue hucau, m > k ^ ^6»,_r- Tosda Bah Am6ou (fiyuKv^uu f us npo- 
cmpaHcmea L2[0,7r] u aw6o20 hucag e > cnpaeedAuea oii^euKa 

\\Smi9k-9N)\\c^Ce,R,e\\f\\L,m'~'^'k'-'. (18) 

SaMeTHM, HTO Jienyio ^acTb nepanencTBa pSI) mojkbo npe;],CTaBHTb b bh^g 



\Sm{gk{x) - gN{x))\\c 



n=N+l 



C 



n=N+l 



C 



TaK KaK yn{x) = A/2/7rsin nx + ^n{x), rjifi (pn{x) onpe^ejienbi b ([2]). /Jajiee, 



X 



n=N+l 



k \ / fc 

2 



1/2 



Y \\Sm'^n{x)\\ 



^ \n=N+l 



^n=N+l 



RWJ \\Li 



( ' V 

Yl \\Srn^n{x)fc ] • 
\n=Af+l / 



Hpn BbiBO^e nocjie^nero nepanencTna mm ynjin tot (|)aKT, ^to 



E E l^"l'^2 - E l(/(a:),sinnx)|2+ E \ifi^),M^))n<CeM\f\\lr 



n=N+l 



n=N+l 



n=N+l 



n=N+l 



On,enHM HS'mV'nla;) He BOcnojibsoBaBmncb TeopeMon BjiojKennsi CoSojiena: npocTpancTBO 
W2^^^^[0,7r] ^ C[0,7t] (P n. 4.6.2]). Hojiy^HM, hto ji^jisi JiioSoro e > 0, 



1/2 



\Sm'^n{x)\\c ^ Ce i E f''^^\i'^n{x),sinjx) 
\j=m+l 
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/ oo \l/2 
\j=m+l J 

3flecb MM BOcnojib30BajiHCb HHTerpnpoBaHHeM no nacTaivi h y^jin tot (J)aKT, hto 

V9„(0) = V2n(7r) = 0. 

TaK KaK H3 acHMHTOTHHecKHx (J)opMyji (l2|) cjie;i;yeT, hto (p'n{x) = nr]n{x) + u{x)yn{x) , to 
llv^n(a;)||iyi ^ Ce,Rn^~^rin, T^,e ||{?7n}||i2 ^ Ce,R. SnanHT, 

\\S^M^)\\c^Ce,R,,m'-'^'n'~''n^. 

HiaK, nepBoe cjiaraeMoe b (fTTl l ne npeBOCxo^HT 



1/2 

\\Sm{gk - gN)\\c ^ Ce,R,s\\f\\L. I 1 ^ C7,,^,e||/||L.m-V2p-^. 



vra=l 



Illar 5 aaBepmen. 

HepeH^eM ko BTopoMy cjiaraeMOMy b fflTl) . /J^eiicTBHe onepaTopa S*™ na (|)yHKn,HH on,eHH- 
BaeTca tohho Tax >Ke, KaK b (1191): 



\SmgN{x)\\c^Csm'-'^^\\g^{x) 



B mare 2 mbi ^OKaaajiH on,eHKy: || P^r (n) ||j;^2^W2i ^ Cq^r- TaK KaK = PnJ, to 

IkivllH/l ^ C'e.Rll/lUa- SnaHHT, 

\\Sm9N\\c^Ce,R,e\\f\\L,m'-'/\ (20) 

Ha HepaBGHCTB (flTll . ( fTSl l h (l20l l Tenepb cpaay BbiTCKaeT, hto 

||5™^fc||c ^ C,,,j,,||/|U,m^-i/2A;i-^ (21) 

/Jjia saBepmeHHii ^OKaaaTejibcxBa xeopeMbi ocTajiocb nojiojKHXb M = N'^ h saivieTHTb, mo 
fljiH JiioSoro m ^ M H3 p6l) h (1211) cjie^yeT on,eHKa (I4|) (Hy>KHO BSflTb b 3thx nepaBencTBax 
k = [y/rn\ + !)• TeopeMa nojinocTbio ^OKaaana. 

AbTop SjiaroflapHT npocj). A.A.IIlKajiHKOBa h flon,. A.M.CaBnyKa aa nojieanbie aaMenanHH. 
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